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We present a path-integral hadronization for doubly heavy baryons. The two heavy quarks
in the baryon are approximated as a scalar or axial-vector diquark described by a heavy
diquark effective theory. The gluon dynamics are represented by a NJL-Model interaction
for the heavy diquarks and light quarks, which leads to an effective action of the baryon fields
after the quark and diquark fields are integrated out. This effective action for doubly heavy
baryon includes the electromagnetic and electroweak interactions, as well as the interaction
with light mesons. We also verify the Ward-Takahashi identity at the baryon level, obtain
the Isgur-Wise function for weak transitions, and calculate the strong coupling constant of
the doubly heavy baryon and pion. Numerical studies are also performed.
I. INTRODUCTION
In the past few decades, the traditional quark model has successfully explained various of
hadronic states observed from the experiments. However, there still remains some exotic particles
predicted by the quark model has not been experimentally observed or established. One of such
particles is the doubly heavy baryon, which is a baryonic state made up of two heavy and one light
quarks. After years of searching, in the light of the great prediction [1] the lowest-lying doubly
heavy baryon Ξcc was finally observed by the LHCb collaboration in 2017 [2], with its mass being
mΞ++cc = 3621.40 MeV. This inspiring observation encourages people to believe that more heavier
doubly heavy baryons will be observed through the continuous experimental researches [3–5] in the
future. On the theoretical side, people are trying to understand the dynamical and spectroscopical
properties of the doubly-heavy baryon states, see e.g. Refs. [6–48]. However, a comprehensive
description of these properties is still far from complete.
Although understanding the structure of doubly heavy baryon is a great challenge, the situation
can be simplified if one reduce the doubly heavy baryon into a two-body system by treating the
two heavy quarks as a point-like spin-0 or spin-1 diquark. The idea of diquark has been widely
used in the earlier works [49–52], and it is indeed a reasonable approximation. As argued by
Refs. [35, 36, 53, 54], in a doubly heavy baryon, the spatial size of the two heavy quarks is at
the order of rQQ ∼ 1/mQv, while the distance between one of the heavy quarks and the light
quark is at the order of rQq ∼ 1/ΛQCD, further, if the heavy quark is heavy enough, one has
mQv
2 ≪ mQv ≪ mQ. Therefore, the small ratio rQQ/rQq ∼ 1/mQv ≪ 1 validates the diquark
approximation in the heavy quark limit, which enables people to construct effective theories for
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2heavy diquarks [50–53, 55–57].
How to transform a theory of light quarks, heavy diquarks and gluon to an effective theory
containing doubly heavy baryon is another challenge. Generally, such transformation is extremely
difficult to be realized from the first principle. One of the applicable approaches is to construct
a bottom-up type effective theory, for instance the chiral perturbation theory, where the hadron
level Lagrangian are built according to the underlying symmetries. Another one is the top-down
approach with additional assumptions or approximations being required. Path-integral hadroniza-
tion belongs to the second class [58–62, 69], through which one should firstly introduce some
auxiliary fields to represent the expected hadron fields, and then systematically integrate out all
the fundamental degrees of freedom such as quarks, diquarks and gluons.
Obviously, due to the nonlinear gluon self-interactions, this functional integration is almost
impossible to be performed analytically. However, in the literatures, there are two major approaches
aiming to overcome this difficulty. One of which is to expand the generating functional of the full
theory in terms of the quark color currents [63]. Another one is the so-called field strength approach
where the original gluon sector is reformulated by a new field strength Ref. [64–66]. Both of the
two approaches will finally lead to an effective quark theory in the absence of gluon, which is just
the well known NJL-Model [67, 68]. In this work, we will perform a path-integral hadronization
with a NJL-Model typed interaction for the heavy diquarks and light quarks.
This article is organized as follows: In section II, we will perform the hadronization with the
approach of path-integral, which will produce an effective action of doubly heavy baryon. With
suitable field renormalization, we will obtain the residual mass of the doubly heavy baryons. In
section III, we will derive the effective electromagnetic interaction, and prove the Ward-Takahashi
identity in the hadron level. We will then calculate the Isgur-Wise function for doubly heavy
baryon transition matrix element in the heavy diquark limit, as well as its strong coupling with
pion. Section IV contains all the numerical studies. Section V gives the conclusions.
II. HADRONIZATION FOR DOUBLY HEAVY BARYON
A. Heavy diquark effective theory
In this section, we will introduce the Path-integral hadronization for doubly heavy baryon.
Generally, for a hadron composed of several quarks, the main idea of the hadronization is to
introduce some auxiliary fields as hadron fields, and then integrating out all the quark degrees of
freedom. This will leave us an effective action totally in terms of the hadron fields. Practically, in
the case of doubly heavy baryon, one can treat the two heavy quarks in the baryon as a diquark.
As a result, the three-body system is simplified to a two-body system and what left to us is to
hadronize the heavy diquark and light quark fields.
The heavy diquark effective theory (HDiET) at leading power was constructed in our previous
3work [56], the effective Lagrangian for the original scalar and axial-vector diquark reads as
LDiET = 1
2
mXTr
[
K¯(i/∂ −mX)K
]
+
1
2
mXTr[K¯J1K] +
1
2
mXTr[K¯KJ
T
2 ], (1)
with K a multiplet of scalar and axial-vector diquarks
K =
i/∂ +mX
2mX
(Xµγ
µ + Sγ5)C, S =
(
0 Sbc
−Sbc 0
)
, Xµ =
(
Xbbµ Xbcµ
Xbcµ Xccµ
)
. (2)
S and Xµ are the scalar and axial-vector diquark fields in the heavy flavor SU(2) representation,
both of which are assumed to have the same mass mX . The trace acts in both spinor and flavor
space, C is the charge conjugating matrix. J1,2 are the external sources Ji = E
µγµ − λiAµγµγ5,
which contains an axial-vector field Aµ = A
a
µT
a for weak interaction, and an electromagnetic field
Eµ = QhAemµ . λ1, λ2 are two coupling constants for the underlying electroweak interactions, T a is
the SU(2) generator and Qh = diag{−1/3, 2/3} is the electric charge matrix of b, c quarks.
In the heavy diquark limit, redefining the diquark field: Xµ = exp[−imXv ·x]Xµv , and the same
to S, all the derivatives in the above Lagrangian can be replaced by the baryon velocity v. Thus
the Lagrangian at heavy diquark and light quark level is simplified as
L = LKin + LEM + LEW ,
LKin = q¯(i /Dem −m)q + imXS†ijv · ∂Sji − imXX†ijµv · ∂Xµji,
LEM = −2mXX†µijgµν(v · E˜)ji,lkXνkl + 2mXS†ij(v · E˜)ji,lkSkl,
LEW = mXS†ijB˜µji,lkXµ,kl +mXX†ijµB˜µji,lkSkl + 2i mXǫαβνµX†µij vαA˜βji,lkXνkl, (3)
where Demµ = ∂µ − iEqµ, Eqµ = QlAemµ with Ql = diag{2/3,−1/3} being the u, d quark charge
matrix. The flavor indexes of q are omitted while i, j, k · · · denote heavy flavor indexes. LKin is
the kinematic Lagrangian for light quark and the heavy diquark at the leading power of O(1/mX ).
In this work the velocity label for the heavy diquark fields are omitted, and only the leading power
contribution is considered. In Eq. (3) we have also defined the following operators
E˜µji,lk =
1
2
δilE
µ
jk +
1
2
δjkE
µ
il,
A˜µji,lk =
λ1
2
δilA
µ
jk +
λ2
2
δjkA
µ
il,
B˜µji,lk =
λ1
2
δil(2A
µ − vµv ·A)jk + λ2
2
δjk(2A
µ − vµv ·A)il, (4)
where E˜ji,lk contains EM sources while A˜ji,lk, B˜ji,lk contain EW sources.
B. Path-integral hadronization within the NJL-Model
To avoid the nonlinear sector of gluon, as mentioned previously, the gluon sector can be refor-
mulated by a NJL-model typed interaction for color currents, which has the form
LNJL = −κ jAµ jAµ, (5)
4with κ being the coupling constant, and A is color index. The road to NJL model only depends on
the gluon dynamics so that its form of current-current combination is blind to whatever material
currents coupling with gluon. Thus, although in the original NJL model, jAµ is the color current of
quark, in our case jAµ can also contain the color current of diquark, which reads
jAµ = mXg vµ tr
[
S†t¯AS −X†αt¯AT αβXβ
]
+ q¯γµt
Aq, (6)
with T αβ = gαβ − vαvβ a transverse projection operator, which guarantees the identity v ·X = 0.
t¯A = −(tA)T is the generator of the 3¯ representation of color SU(3), and g = gd/gs with gd the
strong coupling constant of the diquark and gluon. Using the color Fierz identity, and only retaining
the terms with Sq and Xµq being color singlet, we have
LNJL = G1tr
[
q¯S†/vSq
]
−G1tr
[
q¯X†αT αβ/vXβq
]
, (7)
withG1 = (κ/2)mXg. Combining Eq. (3) and Eq. (7), one can perform the hadronization procedure
according to the generating functional
Z[0] =
∫
DqDq¯DSDXµexp
[
i
∫
d4x (LKin + LEM + LEW + LNJL)
]
. (8)
The quadratic forms of Sq and Xµq in LNJL can be linearized by introducing additional Gaus-
sian type integration for two auxiliary fermion fields, which are a spinor field T and a spinor-vector
field Hµ respectively. These two auxiliary fields are expected to be the doubly heavy baryon fields
with its heavy sector in spin-0 or spin-1 state, and will finally form an effective action. Due to the
operator Tαβ appearing in the Eq. (7), H must satisfy the the same transverse condition v ·H = 0
as that of X. This linearization procedure reads
exp
(
i
∫
d4x LNJL
)
=
∫
DTDHµ×
exp
[
i
∫
d4x
(
− 1
G1
T¯ij/vTji + S
†
ij q¯Tji + T¯ijqSji +
1
G1
H¯µij/vHjiµ +X
†µ
ij q¯Hjiµ + H¯
µ
ijqXjiµ
)]
. (9)
Note that besides two heavy flavor indexes, both T and H should also have one extra light flavor
index which have been omitted for simplicity. For example, T¯ijqSji should be indeed written as
T¯ijq
aSaji, with a denoting u, d flavors. Inserting Eq. (9) into Eq. (8), and then performing the
integration of light quark fields q and q¯, one arrives at
Z[0] =
∫
DTDHµDSDXµ Det[i /Dem −m]
× exp
{
i
∫
d4x
[(
S†ij,X
†
µij
)(Aji,lk Bνji,lk
Cµji,lk Dµνji,lk
)(
Skl
Xν,kl
)
− 1
G1
T¯ij/vTji +
1
G1
H¯µij/vHjiµ
]}
=
∫
DTDHµ Det[i /Dem −m] exp
[−Tr logA− Tr log (Dµν − CµA−1Bν)]
× exp
[
i
∫
d4x
(
− 1
G1
T¯ijTji +
1
G1
H¯µijHjiµ
)]
. (10)
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FIG. 1: Self energy correction for the baryon fields T or H . The triple line denotes the doubly heavy
baryon, the double line denotes the heavy diquark, while the gray bubble denotes the interaction between
the baryon, heavy diquark and light quark.
The determinant Det[i /Dem − m] comes from the integration of light quark fields, which only
contributes to the self energy correction on photon. Also note that the generating functional in
Eq. (10) is exactly equivalent with the original one in Eq. (8). For the baryons fields T,Hµ, one
can use the following projection operators to divide them into two parts
T =
1 + /v
2
T +
1− /v
2
T = T+ + T−, (11)
and similarly for Hµ. Note that T+ and T− satisfy /vT+ = T+ and /vT− = −T− respectively, which
correspond to equations of motion of a heavy baryon and a heavy anti-baryon. Since in this work
we do not care about the case of anti-baryons so we only keep the plus terms T+,H
µ
+ in the above
action. For simplicity, the subscript can be omitted and the conditions /vT = T and /vHµ = Hµ are
always required. The four operators in the trace are defined as
Aji,lk = mXδjkδiliv · ∂ + 2mX(v · E˜)ji,lk − T bji
(
i /D
′
em +m
)−1
ab
T¯ alk ,
Bνji,lk =− T bji
(
i /D
′
em +m
)−1
ab
H¯ν,alk +mXB˜
µ
ji,lk ,
Cµji,lk =−Hµ,bji
(
i /D
′
em +m
)−1
ab
T¯ alk +mXB˜
µ
ji,lk ,
Dµνji,lk =−mXgµνδjkδiliv · ∂ − 2mXgµν(v · E˜)ji,lk −Hµ,bji
(
i /D
′
em +m
)−1
ab
H¯ν,alk
+ 2mXǫ
ναµ
β ivαA˜
β
ji,lk , (12)
where D′emµ = ∂µ + iE
q
µ, and a, b denote spinor indexes. After integrating out the diquark fields
in the second step of Eq. (10), we finally arrive at an expected effective action where only baryon
fields appear in the functional integration.
The baryon fields should be renormalized according to the coefficients of their quadratic terms
in Eq. (8). For the T field, they are from the trace term −(1/i)Tr logA and −(1/G1)T¯ijTji. The
trace term corresponds to the diagram in Fig. 1 , which leads to
− i
mX
Tr
[
(iv · ∂)−1T bji(i/∂ +m)−1ab T¯ alk
]
= Nc
i
mX
∫
d4p
(2π)4
tr
[
T¯ (p)
∫
d4k
(2π)4
/k −m
(k2 −m2)v · (p + k)T (p)
]
6=
∫
d4p
(2π)4
tr
[
T¯ (p)(IT0 + I
T
1 v · p+ · · · )T (p)
]
, (13)
where we expand the effective Lagrangian in terms of v · p. To evaluate the integral we use the
proper-time method with a momentum cut off Λ, and incomplete gamma function
1
k2 +m2
=
∫ ∞
1/Λ2
ds e−s(k
2+m2), Γ(z, λ) =
∫ ∞
λ
dt e−ttz−1. (14)
The coefficients in Eq. (13) read as
IT0 =
Ncm
2
16π2mX
[√
πΓ
(
−1
2
,
m2
Λ2
)
+ Γ
(
−1, m
2
Λ2
)]
,
IT1 =
Ncm
8π2mX
[
Γ
(
0,
m2
Λ2
)
+
√
π
2
Γ
(
−1
2
,
m2
Λ2
)]
. (15)
Finally we arrive at the kinematic term of T
LkinT = tr
[
IT1 T¯ (iv · ∂)T +
(
IT0 −
1
G1
)
T¯ T
]
= tr
[
T¯r(iv · ∂ − δmT )Tr
]
. (16)
where we have renormalized the T field as T =
√
ZTTr, and defined its mass as δmT . Note that
δmT is the residual mass of the T baryon, which can be understood as the difference between the
baryon mass and the diquark mass MT −mX . ZT and δmT read as
ZT = (I
T
1 )
−1, δmT = ZT
(
1
G1
− IT0
)
. (17)
The renormalization of Hµ is similar. The quadratic terms of Hµ come from −(1/i)Tr logDµν and
(1/G1)H¯
µ
ijHjiµ, which leads to the kinematic term
LkinH = tr
[
−IH1 H¯µ(iv · ∂)Hµ −
(
IH0 −
1
G1
)
H¯µH
µ
]
= tr
[
−H¯(r)µ(iv · ∂ − δmH)Hµ(r)
]
, (18)
where the divergent coefficients are the same as those of T : IH0,1 = I
T
0,1. After making the redefinition
Hµ =
√
ZHH
µ
r , one has
ZH = (I
H
1 )
−1 = ZT , δmH = ZH
(
1
G1
− IH0
)
= δmT . (19)
III. EFFECTIVE INTERACTIONS OF DOUBLY HEAVY BARYON
A. EM interaction and Ward-Takahashi identity
In this section, we firstly consider the effective EM interaction of doubly heavy baryon, and
also check the Ward-Takahashi identity at hadron level. Considering the H − γ −H vertex, which
comes from −(1/i)Tr logDµν . As shown in Fig. 2, there are two corresponding diagrams. In the
first one the photon is emitted from the heavy diquark, while in the second one the photon is
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FIG. 2: EM interaction of doubly heavy baryon T or H , where the photon can be emitted from the heavy
diquark (left) or the light quark (right).
emitted from the light quark. These two EM vertexes come from the conserved EM currents at
diquark and quark level as shown in Eq. (3) respectively. Although at each level it is ensured
that the Ward-Takahashi identity is implied from current conservation, at hadron level this is not
obvious and one should check it by perturbative calculations.
For the first diagram in Fig. 2, we have
i Tr log
[
−mXgµνδjkδiliv · ∂ − 2mXgµν(v · E˜)ji,lk −Hµ,bji
(
i /Dem +m
)−1
ab
H¯ν,alk
]
=− 2i
mX
Tr
[
(iv · ∂)−1Hµ,bji (i/∂ +m)−1ab H¯ν,amn(iv · ∂)−1(v · A¯)nm,lk
]
+ · · ·
=
i
mX
∫
d4p
(2π)4
d4q
(2π)4
tr
[
H¯µ(p − q)IEM1 (p, q){v · A¯(q),Hµ(p)}
]
+ · · · , (20)
where the ellipses denote the irrelevant terms with the first diagram. The loop integration is
IEM1 (p, q) =
∫
d4k
(2π)4
1
/k − /p+m
1
v · k
1
v · (k − q) . (21)
Since in the HDiET, the large momentum factor exp[−i mXv · x] has been removed, the above
integration can be expanded in terms of the external small momentums p, q. However, such ex-
pansion will contribute to extra power corrections of O(1/mX), which will not be discussed in
this work. Therefore, we only need to calculate Iem1 (0, 0) where external momentums vanish. On
the other hand, since all the UV divergence are carried by Iem1 (0, 0), it is enough for checking the
Ward-Takahashi identity. Thus we have
IEM1 (0, 0) = Nc
i
8π2
m
[
Γ
(
0,
m2
Λ2
)
+
√
π
2
Γ
(
−1
2
,
m2
Λ2
)]
. (22)
The contribution from the second diagram in Fig. 2 is
i
mX
Tr
[
(iv · ∂)−1Hµ,bji
(
(i/∂ +m)−1 /Eq(i/∂ +m)
−1
)
ab
H¯ν,amn
]
=− i
mX
∫
d4p
(2π)4
d4q
(2π)4
tr
[
H¯µ(p− q)Iem2,ρ (p, q)A¯ρq(q)Hµ(p)
]
, (23)
8where the loop integral reads
IEM2,ρ (p, q) =
∫
d4k
(2π)4
1
v · k
1
/k − /p+mγρ
1
/k − /p+ /q +m. (24)
Similarly, we only contract the UV divergent part, which is
IEM2,ρ (0, 0) = −Nc
i
8π2
m
[
Γ
(
0,
m2
Λ2
)
+
√
π
2
Γ
(
1
2
,
m2
Λ2
)
+
3
√
π
4
Γ
(
−1
2
,
m2
Λ2
)]
γρ. (25)
Although regularizing the UV divergence by momentum cut off is useful for obtaining effective
action, actually it may break the gauge invariance so that is not suitable to verify Ward-Takahashi
identity. Therefore Eq. (22) and Eq. (25), as well as the self energy correction IH1 should be replaced
by the versions in dimensional regularization
IEM1 (0, 0)dim = Nc
2πd/2i
(2π)d
m1−2ǫ
[
Γ (ǫ) +
√
π
2
Γ
(
ǫ− 1
2
)]
= i mXI
H
1,dim ,
IEM2,ρ (0, 0)dim = −Nc
2πd/2i
(2π)d
m1−2ǫ
[
Γ (ǫ) +
√
π
2
Γ
(
ǫ− 1
2
)
+
√
π
4
ǫΓ
(
ǫ− 1
2
)]
γρ , (26)
where d = 4− 2ǫ. It is obvious that in the limit ǫ→ 0, the above two terms are equivalent except
the −γρ factor. Also note that in the heavy baryon limit, we can simplify the gamma matrix
between H¯µ and Hµ as baryon velocity v. These desirable results enable one to combine Eq. (20)
and Eq. (23) to obtain an effective EM interaction for doubly heavy baryon at the leading order
expansion of the external momentums, and the effective EM interaction reads
LeffHγH = −IH1 tr
[
H¯µ{v · A¯,Hµ}
]− IH1 tr [H¯µ /¯AqHµ]
= −IH1 (v ·Aem) tr
[
H¯aµ{Qh,Hµa }+ H¯aµQabl Hµb
]
= −(v · Aem)
∑
ija
(Qi +Qj + qa)H¯
ij,a
(r)µH
µ
(r)ij,a, (27)
where, Qi, Qj , qa are the electric charge carried by the three quarks in the baryon. However, at this
order one can pretend not to know these internal details, while only treat the value Qi+Qj+ qa as
the total electric charge carried by the point like baryon. In the last step IH1 cancels with the field
renormalization factor ZH after we redefineH
µ = ZHH
µ
(r), which means no further renormalization
constants need to be introduced and thus the Ward-Takahashi identity is verified.
In addition, it should be noted that at higher orders of p, q, there is no simple combination
for Eq. (20) and Eq. (23). Thus at higher order one cannot obtain an effective Lagrangian only
depending on the total electric charge of the baryon such as Eq. (27). In fact, this is understandable
since when the external momentums become large, they will probe deeply into the internal of the
baryon so that approximating the baryon as a point like particle is no longer valid.
Finally, it can be found that there is no EM interaction of T − γ −H or H − γ − T . For the
case of T − γ − T interaction, we have a similar result
LeffTγT = (v ·Aem)
∑
ija
(Qi +Qj + qa)T¯
ij,a
(r) T(r)ij,a. (28)
9B. Flavor changing process and Isgur-Wise function
Next, we study the flavor changing process of doubly heavy baryons, which is induced by
the coupling with axial vector field Aµ. We firstly consider the effective interaction of the form
H −A−H, which comes from the trace term
i Tr log
[
−mXgµνδjkδili v · ∂ −Hµ,bji
(
i/∂ +m
)−1
ab
H¯ν,alk + 2mXǫ
ναµ
β ivαA˜
β
ji,lk
]
=
2i
mX
Tr
[
(iv · ∂)−1Hµ,bji
(
i/∂ +m
)−1
ab
H¯ν,alk (iv · ∂)−1ǫ ναµβ ivαA˜βji,lk
]
+ · · ·
=
2
mX
vρǫσνρµZHtr
[
H¯µ(r)I
EW (0, 0)〈Aσ ,Hν(r)〉+
]
+ · · · . (29)
where 〈A,B〉± = (λ1/2)A B± (λ2/2)B AT , and only the relevant terms of the form H −A−H in
the trace are retained. The corresponding Feynman diagram is the same as the left one in Fig. 2.
It can be found that IEW (p.q) = IEM1 (p, q). Thus the cancelation between I
EW (0, 0) and ZH
implies that the axial current of H baryon also satisfies the Ward-Takahashi identity. This result
is understandable because the diquark axial current as shown in Eq. (3) is conserved. Similarly,
for T −A−H and H −A− T interactions, we have
2i
mX
√
ZT
√
ZH
{
tr
[
T¯(r)I
EW (0, 0)〈Aµ,Hµ(r)〉+
]
+ tr
[
H¯µ(r)I
EW (0, 0)〈Aµ, T(r)〉+
]}
. (30)
However, for flavor changing processes, where velocities of the initial and final baryons are
different, namely v and v′, IEW (p.q) will also depend on w = v · v′. To include both of the two
velocities, one should insert the diquark flavor changing current in the diagram, and such current
has been given in Ref. [56]. In fact, this is equal to replace vρ in Eq. (29) with (vρ + v
′
ρ)/2 and
changing one of the (iv · ∂)−1 s to be (iv′ · ∂)−1. As a result, IEW (p.q) becomes w dependent
IEW (p, q, w) =
∫
d4k
(2π)4
1
/k − /p+m
1
v · k
1
v′ · (k − q) ,
IEW (0, 0, w) = Nc
i
8π2
m
[
r(w)Γ
(
0,
m2
Λ2
)
+
√
π
w + 1
Γ
(
−1
2
,
m2
Λ2
)]
, (31)
with
r(w) =
log
[√
w2 − 1 + w
]
√
w2 − 1 . (32)
At last, we obtain the effective interaction for coupling with axial vector as
LeffEW = ξ(w) tr
[
i(vρ + v′ρ)ǫµνσρH¯
µ
v′(r)〈Aσ ,Hνv(r)〉+− T¯v′(r)〈Aµ,Hµv(r)〉+− H¯µv′(r)〈Aµ, Tv(r)〉+
]
, (33)
where ξ(w) is the Isgur-Wise function, which satisfies ξ(1) = 1 and reads as
ξ(w) = ZHI
EW (0, 0, w) =
IEW (0, 0, w)
IEW (0, 0)
. (34)
10
In addition, the spinor-vector Hµ combines a multiplet of spin-1/2 Dirac field Bv and a spin-3/2
Rarita-Schwinger field Bµv (do not confused with that in Eq (10)). The decomposition reads
Hµv =
1√
3
γ5(γ
µ − vµ)Bv + Bµv . (35)
As an example, for the transition of the spin-1/2 baryon Bv, namely the ΞQQ′, the corresponding
effective interaction is
LEWHAH =
1
6
ξ(w) 2(1 + w)tr
[
λ1B¯v′(r) /Aγ5Bv(r) + λ2B¯v′(r)γσγ5Bv(r)ATσ
]
, (36)
which is consistent with the transition matrix element reduction for Bv given in Ref. [56]:
〈B1/2(1)cQ |JAµ (0)|B1/2(1)bQ 〉 = η(w)u¯
[
2(1 +w)γµ
]
γ5u , (37)
where JAµ = c¯γµγ5b, and η(w) = (1/6)ξ(w). Note that as proved in Ref. [56], the Isgur-Wise
function ξ(w) is proportional to a universal soft function defined by a matrix element only of gluon
and light quark fields, which is blind to whatever the heavy sector is and reads
ξ(w) ∝ 〈0|T
{
W
[ 0
v′
]i
i′
W−1
[ 0
v′
]i′
j
W
[ 0
v
]j
k′
W−1
[ 0
v
]k′
l
qai (0)q¯
l
a(0)
}
|0〉 , (38)
where W is the Wilson line along the direction of the heavy hadron velocity
W
[ x
v
]
= P
{
exp
[
ig
∫ v·x
−∞
ds v ·A(s)
]}
. (39)
Since the normalization of ξ(w) is fixed at w = 1, one can conclude that the Isgur-Wise function
obtained here must equal to that for the singly heavy meson transitions in the heavy quark limit.
We will compare our result with that of B → D transition in the section for numerical studies.
C. Strong coupling of doubly heavy baryon and pion
Finally, we study the strong coupling of doubly heavy baryon and π mesons. To include the
pions, we need to introduce the standard NJL model for SU(2)L×SU(2)R chiral symmetry by the
replacement for Eq. (7): LNJL → LNJL + LchNJL, where
LchNJL =
G
2
[
(q¯q)2 + (q¯iγ5~τq)
2
]
, (40)
with G = κ/12, and ~τ are the isospin Pauli matrices [69]. This chiral NJL term can also be
linearized by introducing auxiliary meson fields σ and ~π, which leads to
exp
[
i
∫
d4x
(
q¯(i /Dem −m)q + LchNJL
)]
=
∫
DσD~π exp
[
q¯
(
i /Dem −m− σ − iγ5~τ · ~π
)
q − 1
2G
(
σ2 + ~π2
)]
. (41)
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FIG. 3: Two diagrams of self energy correction for the meson field, with the meson denoted by double
dashed line. Only the second one can contribute to the renormalization factor of the pion field.
Further, one can transform the meson fields to a non-linear parameterization form
Σ ≡ σ + iγ5~τ · ~π =
(
mq + σ
′
)
exp
(
− i
Fπ
γ5~τ · ~Φ
)
with ~τ · ~Φ =
(
π0
√
2π+√
2π− π0
)
, (42)
where mq = 〈σ〉0 is the vacuum expectation value of σ. Then, by repeating the derivation from
Eq. (8) to Eq. (10), one will arrives at a modified generating functional including the mesons
Z[0] =
∫
DTDHµDσ′D~Φ Det
[
i /Dem −m− Σ
]
exp
[−Tr logA′ − Tr log (D′µν − C′µA′−1B′ν)]
× exp
[
i
∫
d4x
(
− 1
G1
T¯ijTji +
1
G1
H¯µijHjiµ −
1
2G
(
σ′ +mq
)2
+ δLsb
)]
. (43)
The primed operatorsA′,B′, C′,D′ are only different from those defined in Eq. (12) by a replacement
(m+ i /D
′
em)
−1 → (m+ i /D′em − Σ)−1. δLsb is the symmetry-breaking mass term [69].
Note that now the determinant Det
[
i /Dem −m− Σ
]
contains meson fields so that it will con-
tribute to the self energy correction of meson, and the relevant terms are
LΦΦ ⊂ i Tr
[
(i/∂ −m)−1Σ]+ i
2
Tr
[
(i/∂ −m)−1Σ(i/∂ −m)−1Σ] . (44)
The first trace contributes to the self energy correction corresponding to the first diagram in Fig. 3 ,
while the second trace corresponds to the second diagram. However, to calculate the strong coupling
constant of doubly heavy baryon and the pion, we only care about the field renormalization factor
of the pion field, which only comes from the second diagram and reads
LΦΦ = −
im2q
F 2π
Tr
[
γ5Φ
k(i/∂ −m)−1γ5Φk(i/∂ −m)−1
]
= − im
2
q
F 2π
∫
d4p
(2π)4
Φk(p)
∫
d4k
(2π)4
tr
[
γ5
1
/k −mγ5
1
/k − /p−m
]
Φk(−p)
=
1
2
IΦ1 ∂µΦ
k∂µΦk − 1
2
IΦ0 Φ
kΦk, (45)
where the renormalization factor of Φ is
Φ =
√
ZΦΦ(r), Z
−1
Φ = I
Φ
1 =
Nc
4π2
m2q
F 2π
Γ
(
0,
m2
Λ2
)
. (46)
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FIG. 4: Strong coupling of the doubly heavy baryon T or H and meson Φ.
For the strong coupling constant of a spin-1/2 doubly heavy baryon B and pion, the coupling
Lagrangian comes from the following trace term
LHΣH = i
mX
Tr
[
(iv · ∂)−1Hµ,bji
(
(i/∂ +m)−1Σ(i/∂ +m)−1
)
ab
H¯ν,alk
]
= − i
mX
ZH
√
ZΦ
∫
d4p
(2π)4
d4q
(2π)4
tr
[
H¯ i(r)µ(p − q)Isc(p.q)Σ(r)ij(q)Hµ(r)j(p)
]
. (47)
The corresponding Feynman diagram is shown in Fig. 4, and the loop integration is
Isc(p, q) =
∫
d4k
(2π)4
1
v · k
1
/k − /p+m
1
/k − /p+ /q +m,
Isc(0, 0) =
iNcm
16π2
[√
πΓ
(
−1
2
,
m2
Λ2
)
− 2√πΓ
(
1
2
,
m2
Λ2
)
− 2Γ
(
0,
m2
Λ2
)]
, (48)
Here we simply set the external momentum to be zero since this will not affect the strong coupling
constant. And finally, we can arrive at the effective strong interaction Lagrangian at leading power
as well as the strong coupling constant
LBπB = −Isc(0, 0)ZH
√
ZΦ
mq
FπmX
(
B¯ubb(r)γ5π0(r)Bubb(r) +
√
2B¯ubb(r)γ5π+(r)Bdbb(r) + · · ·
)
,
gBπ0B =
Nc
16π2
mqm
FπmX
ZH
√
ZΦ
[√
πΓ
(
−1
2
,
m2
Λ2
)
− 2√πΓ
(
1
2
,
m2
Λ2
)
− 2Γ
(
0,
m2
Λ2
)]
, (49)
and gBπ±B =
√
2 gBπ0B.
IV. NUMERICAL RESULTS
For the numerical studies in this work, the choice of all the parameters is shown as follows.
The quark masses are set as mb = 4.18 GeV, mc = 1.27 GeV and m = (mu +md)/2 = 3.45 MeV
being the current mass; The masses of doubly heavy baryons are chosen as Mbb = 10.143 GeV,
Mbc = 6.943 GeV and Mcc = 3.621 GeV [70–73]; κ = 11.54 GeV
−2 [74]; Fπ = 0.093 GeV,
mq = 0.39 GeV and the cutoff is set as Λ = 0.63 GeV, which is fixed to yield the constituent quark
mass through the NJL gap equation in the meson sector [63, 69, 74, 75].
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FIG. 5: The relationship between g and ∆X for bb(blue solid), bc(red dashed) and cc(gray dot-dashed)
diquarks respectively.
We firstly study the diquark mass and its binding energy, as well as the diquark coupling
constant with gluon. We will focus on the case where the two heavy quarks in the baryon form
a spin-1 state, which is widely believed in the literatures. According to Eq. (19), if such doubly
heavy baryon is formed by the hadronization of a heavy axial-vector diquark and a light quark, it
will get a residual mass δmH . Explicitly, it can be written as
δmH =Mbaryon −mX =Mbaryon − (mQ +mQ′ +∆X), (50)
where Mbaryon is the mass of the doubly heavy baryon, mQ and mQ′ are the masses of the two
heavy quarks, while ∆X is the binding energy of the heavy diquark. Since the residual mass δmH
depends on the NJL coupling G1, which is also related with the undetermined coupling constant
g = gd/gs by the relation G1 = (κ/2)mXg, one can obtain a relationship between g and ∆X which
is described by the following equation
ZH
[
2
κ(mQ +mQ′ +∆X)g
− IH0
]
=Mbaryon − (mQ +mQ′ +∆X). (51)
Fig. 5 shows the curves of this relationship for the bb, bc and cc diquarks respectively. To obtain
the value of gd/gs, one must fix a point on one of the three curves. Here we choose the curve
of bb diquark because the heavy diquark limit applied in this work can be safely guaranteed by
the heavy bottom mass. The binding energies of various heavy diquarks were obtained by the
relativistic quark model in Ref. [76], where ∆bb = 1.42 GeV. Accordingly, using Eq. (51) one can
get gd/gs = 6.33. Then inserting this coupling value back to Eq. (51), we obtain the binding energy
of the bc and cc diquarks:
∆bc = 1.14 GeV and ∆cc = 0.77 GeV, (52)
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FIG. 6: Isgur-Wise function for doubly heavy baryon weak transition given in this work (blue solid line), as
well as that for B → D transition from LCSR calculation (red dashed line).
which are consistent with those give in Ref. [76]:
∆bc = 1.08 GeV and ∆cc = 0.69 GeV. (53)
The Isgur-Wise function for doubly heavy baryon weak transition is given in Eq. (34), and its
curve is shown in Fig. 6, where we also plot the Isgur-Wise function from the LCSR calculation for
the B → D transition [77]. As argued in Ref. [56], they are equivalent due to their common origin
from the soft function Eq. (38) in the heavy diquark or quark limit. However, Fig. 6 shows that the
two Isgur-Wise functions are consistent with each other near w = 1, while have certain difference
with larger w. This deviation is mainly because that we have only considered the leading power of
HDiET, and the higher power studies will be performed in the future works.
Finally, from Eq. (49) the calculation of the strong coupling constants of doubly heavy baryon
and pions is straightforward, which read
gBπ0B = 1.08 and gBπ±B = 1.52, (54)
with B being Ξbb, Ξbc or Ξcc baryons.
V. CONCLUSIONS
In summary, we have performed a path-integral hadronization for doubly heavy baryons. The
two heavy quarks in the baryon are approximated as a scalar or axial-vector diquark described by
a heavy diquark effective theory. The gluon dynamics are represented by a NJL-Model interaction
for the heavy diquarks and light quarks, which leads to an effective action of the baryon fields at
the leading power of HDiET after the quark and diquark fields are integrated out. We achieved
a relationship between the diquark strong coupling gd and its binding energy ∆X . We used the
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binding energy of the bb diquark to obtain that gd/gs = 6.33, with which we then predicted
the binding energy of the bc and cc diquarks, and the results are consistent with those from the
relativistic quark model. The effective action for doubly heavy baryon derived in this work includes
the electromagnetic and electroweak interactions, as well as the interaction with light mesons. For
the electromagnetic interaction we proved the Ward-Takahashi identity at the baryon level, while
we also pointed out that this verification may become invalid at higher power of HDiET. For
the electroweak interaction we obtained the Isgur-Wise function for weak transitions, and also
compared it with that of B → D transitions. Finally we calculates the strong coupling constant of
the doubly heavy baryon and pion, and the result is gBπ0B = 1.08 and gBπ±B = 1.52.
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